Essential order spectra of convolution operators  by Saxe, Karen
Indag. Mathem., N.S., 4 (l), 79-89 
Essential order spectra of convolution operators 
March 29, 1993 
by Karen Saxe 
Department of Mathematics and Computer Science, Macalester College, 1600 Grand Ave., St. Paul, 
Minnesota 55105, U.S.A. 
Communicated by Prof. A.C. Zaanen at the meeting of June 22, 1992 
SUMMARY 
The spectrum of a measure fl in M(G) is well known in general to be larger than the spectrum, 
in the algebra of all bounded linear operators on Lp(G), of the associated convolution operator 
T,,,. However, each convolution operator is a regular operator and Arendt [l] has shown that the 
spectrum of the measure is indeed always equal to the order spectrum (the spectrum in the sub- 
algebra of all regular operators) of the convolution operator whenever G is amenable. In this paper 
we extend this result to essential order spectra. In [2] two essential order spectra are investigated; 
here we introduce a third, record some of its properties, and use it to extend Arendt’s result. 
INTRODUCTION 
The Banach algebra M(G) of all bounded Bore1 measures on a locally com- 
pact group G is often represented on the Hilbert space L’(G) by associating to 
each measure ,V in M(G) the convolution operator Tp,* defined by Tp,2 f =,u *f 
for f e L2(G). It is well known that this representation does not preserve spec- 
trum. Indeed, the spectrum of the operator Tn,2 is always contained in the 
spectrum of the measure ,U in M(G). Example 3.7 of [I] provides an example 
where the inclusion is proper. In order to get around this we observe that each 
P in M(G) is a linear combination of positive measures and hence that each con- 
volution operator Tp, 2 is in fact a regular operator on the Banach lattice 
L’(G). More generally, M(G) can be represented on LP(G), 1s~~ M, and 
each Tp,p is regular. Arendt [I] has shown that this representation is spectrum 
preserving whenever G is amenable. Specifically, the spectrum of ,D in M(G) is 
always equal to the order spectrum of the operator Tp,p, 1 sps 03. 
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In [2] an investigation of two different essential order spectra is undertaken. 
In this paper we consider the essential order spectra of convolution operators. 
In particular, for a compact group G, we prove that the various essential order 
spectra are all equal for such operators and that these also equal the essential 
spectra of the measure ,U in M(G) thus extending Arendt’s spectrum preserving 
result to essential spectra. This is achieved by considering a third essential order 
spectrum, the order Browder spectrum. We introduce this set and record some 
of its properties in the first section. 
1. PRELIMINARIES 
Throughout, B(X) will denote the Banach algebra of all bounded linear 
operators on a Banach space X, and a(r) will denote the spectrum in this 
algebra. In case X=E is a complex Banach lattice, 3’(E) will denote the sub- 
algebra of all regular operators. Endowed with the r-norm 
]lTllr= {/Pll: PEST’, PzO, ITxlrPlxl for all xeE}, 
.93’(E) becomes a Banach algebra. In the definition of the r-norm, 1. 1 denotes 
the modulus in E ([8] is a good general reference for material on Banach lat- 
tices). The order spectrum of a regular operator T will, as usual, be denoted 
by oO(T). In the spirit of [3], we view Br(E) as an abstract Banach algebra. 
Note that S?“(E) is a unital, primitive Banach algebra containing minimal 
idempotents (in Z?‘(E) any rank one projection is a minimal idempotent). 
Let .9?? denote any unital, primitive Banach algebra such that the set of mini- 
mal idempotents of Z? is non-empty. Let S denote a closed inessential ideal of 
58, that is X is a closed two-sided ideal of 9J and 
X c n { 9: .9 is a primitive ideal of .%7 and 9 contains the socle of .%J} . 
We mention that inessential ideals are characterized by the property that the 
spectra of their elements have at most 0 as an accumulation point (see [3], 
Theorem R.2.6, for example). Fix XE 9Z?. Let a,(x) denote the spectrum of x 
in 59. If x is invertible in B modulo X we say that x is Fredholm in 93’ (relative 
.%) and we let w,(x) denote the essential spectrum of x in 97, that is 
o,%(x) = {A EC: A-x is not Fredholm in 998). 
The Weyl spectrum of x in c&’ (relative SC) is defined to be the set 
W&x)= f-l as(x+_Y). 
YEJY 
When the context makes things clear, we will drop the subscript from these 
spectra. These sets are compact and o(x) c W(x) L a(x) for all XE S?. These sets 
remain the same when X is replaced by any other closed inessential ideal of 3. 
The hypothesis that .?8 contains minimal idempotents just assures us that the 
socle of zZ? is non-empty and hence that the spectral and Fredholm theories in 
S? are different. 
When % is taken to be S?‘(E), and the inessential ideal is taken to be the 
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ideal &V(E) consisting of all r-compact operators, the essential spectrum and 
Weyl spectrum are, of course, the two essential order spectra considered by 
Arendt and Sourour in [2]. As the spectra of the elements of X’(E) have at 
most 0 as an accumulation point ([l], Theorem 2.6), X’(E) is an essential 
ideal. We denote the order essential spectrum of a regular operator T by q(T) 
and the order Weyl spectrum of T by W,(T). Note that our notation differs 
from theirs. We now define a third essential order spectrum, the order Browder 
spectrum. We recall the definition of the Browder spectrum in an arbitrary 
unital Banach algebra 3. For x E 5?3, a complex number 1 is called a Riesz point 
of x if one of the two following conditions is satisfied: 
(a) I $ a(x), or 
(b) I $ w(x) and A is an isolated point of a(x). 
The Browder spectrum of x is then the set 
p(x) = (2 E C: 2 is not a Riesz point of x}. 
The following inclusions hold 
o(x) C W(x) c P(x) C o(x) 
and p(x) is a compact set. 
The order Browder spectrum is now simply defined to be the Browder spec- 
trum in the algebra .5@‘(E). Our original motivation for introducing the order 
Browder spectrum was to answer a question in [2]. For a bounded linear opera- 
tor Ton a Banach space X it is known that o(T) \ o(T) is the union of isolated 
points of o(T) and some of the ‘holes’ of o(T), including all ‘holes’ in which 
ind(A - T) # 0. A ‘hole’ of a compact set r in the complex plane is simply a 
bounded component of C\r Arendt and Sourour ask if the same relation 
holds between a,(T) and oO(T) for a regular operator T on a Banach lattice 
E. We shall show that it does and that this is in fact a general Banach algebra 
result. That is, if &? is any Banach algebra and XE% then o,(x)\o~(x) has 
the structure described above. This question about order spectra has been 
answered independently by L. Weis (see [9]). 
LEMMA 1.1. For x E 3% 13p(x) c w(x). 
PROOF. Suppose that A E a/Y(x) c p(x) c a(x). Then there exists a sequence 
{An}TZ1 of Riesz points of x such that A,, -+ A. If this sequence contains a sub- 
sequence { &,}km_ 1 with the property that each I,, is an isolated point of a(x) 
then each Ank E &T(X) and hence d E &J(X). Since A is not a Riesz point of x it 
follows that 2 EO(X) ([31, Theorem R.2.4). If, on the other hand, {An}rE1 con- 
tains no such subsequence then at most a finite number of the 2,‘s are isolated 
points of a(x). Therefore, there exists a subsequence {Ank}rZ1 of {A,};=, such 
that 1,,$o(x), k=l,2 ,.... Again this implies that A E &J(X) and the proof is 
complete. 
THEOREM 1.2. For XE ZZ?‘, a(x)\o(x) is the union of isolated points together 
with some of the holes of o(x), including all holds in which ind(l3 -x) #O. 
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PROOF. If 2 E a(x)\~(x) then either ,l E/~(X) or not. If not then J. must be 
an isolated point of a(x). On the other hand, assume that A E/~(X). Since 
13/I(x) c o(x) C_ b(x) (Lemma 1.1) we see that p(x) is the union of w(x) and those 
holes of w(x) that meet /3(x). Hence, 1 is in a hole of w(x). 
Now suppose that ,l is in a hole of o(x) and that ind(l -x)#O. Since 
A c$ W(x) if and only if 1 -x is Fredholm and ind(l -x) = 0 ([3], Theorem 
R.2.2), we see that AE W(x) and hence that ~~W(x)\~(x)~cr(x)\~(x). 
We complete this section by listing some basic properties of the order 
Browder spectrum. 
PROPOSITION 1.3 (See [3], A.1.6). If TELE?~(E) andao(T)=a(T) then&,(T)= 
P(T). 
PROOF. If the conclusion of the proposition does not hold then there exists 
A E&,(T)\ /3(T). In particular, ,l is a Riesz point of T. Therefore, either 
(a) A$a(T), or 
(b) J. $ w(T) and A is an isolated point of a(T). 
If I satisfies (a) then the assumption that Q(T) =a(T) tells us that A is an 
order Riesz point of T, a contradiction. If I satisfies (b) then 1 is an isolated 
point of o,,(T) and it remains to be seen that I $ w,(T). Since ,l is an isolated 
point of a(T) we can associate the spectral projection 
where y is a circle in the resolvant set of T surrounding A but no other point 
of a(T), and the convergence of this integral is with respect to the usual norm 
II.)/. Since 1$ w(T), Atkinson’s Theorem implies that I is in the resolvant of 
the coset T+LF(E) in the Banach algebra .%(E)/g(E) (here g(E) denotes the 
set of finite rank operators of E). Therefore, 
& j (z-T)-' dz~zF(E). 
I’ 
But I is also an isolated point of q,(T), thus 
& J (z-T)-' dz = I+(,,(5 T) 
Y 
converges with respect to the r-norm 11. I/,.. Since 1). II 5 I/. /jr, 
Therefore, 
and hence L $ coo(T). 
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Proposition 1.3 should be compared with [2], Theorem 4.10 and §7. 
The Browder spectrum enjoys the spectral mapping property, as do the ordin- 
ary and essential spectra (it fails for the Weyl spectrum). We state this for the 
order Browder spectrum. 
PROPOSITION 1.4. (Spectral mapping property). If TE B”(E) and f is holo- 
morphic on a neighborhood of go(T) then 
f%(T)) = Po(f(T)). 
PROOF. [3], Theorem R.5.2. 
PROPOSITION 1.5. Assume that 9 c C is open and that Q fl PO(T) is a proper 
subset of&(T) which is relatively open and closed in PO(T). Then Q fl/3(T) is 
not empty. 
PROOF. If such an Q exists we can write PO(T) as the disjoint union of the 
two relatively open and closed sets U, = Q n/l,(T) and U, =/lo(T)\ U,. Sup- 
pose that o,(T) c U,. Then U, is the union of some of the holes of coo(T) 
(note that a hole of oo(T) that meets PO(T) is either completely contained in 
U, or U, since holes are connected). We can write U, =po(T) fl V for some 
closed set Vc C since U, is relatively closed in PO(T). Therefore, U, is closed 
in C and so the boundary of U, is not empty. Choose ,l E au,. Then there 
exists a hole of o,(T) that contains ,%. Let H denote this hole. For E>O let 
B,(A) denote the open ball of radius E centered at A and suppose that 
B,(k) fl oo(T) is empty. Since HU B,(k) is not empty and connected, the maxi- 
mality of H implies that HUB,(A) = H. Therefore, 2 E Ho and hence A E Up, a 
contradiction. Thus, for each e>O, B,(A) fl oo(T) is not empty and hence 
A E o,(T) = oo(T) c U, which contradicts the fact that U, and U, are disjoint. 
This shows that we(T) is not contained in U, and hence that oo(T) fl Q is not 
empty. It is clear that o,(T) n 52 is relatively open and closed in we(T) since 
flo(T)nQ is relatively open and closed in PO(T) and oo(T) cPo(T). By [2], 
Theorem 6.2, w(T) f7 52 is not empty. Hence, /3(T) fl52 is not empty. 
We remark that uo(T) is totally disconnected if and only if Do(T) is totally 
disconnected if and only if a,(T) is totally disconnected (see [2], p. 118). 
Therefore this does not give a larger class of operators for which co(T) = a(T) 
than is given by [7], Proposition 4.1. The last result of this section is a corollary 
of Lemma 1.1 and [2], Corollary 7.2. 
PROPOSITION 1.6. For KEX(E)~ B’(E), so(K) = a(K) if and only if 
&(K)=~(K)=oo(K)=o(K)={O}. 
2. ESSENTIALORDERSPECTRAOFCONVOLUTIONOPERATORS 
As stated in the introduction, Arendt [l] has shown that a(p) =a,(T,,,), 
a3 
1 <ps co. In this section we prove that the three order essential spectra also 
have this property whenever G is compact. Specifically, we show that for a 
compact group G, p E M(G) and 1 sp I CO, 
W(P) W(P) P(P) 
where o(p), W(p) and p(p) denote, respectively, the essential, Weyl and 
Browder spectrum of p in the measure algebra M(G), and o,(T,,,), Wo(T’J 
and po(T,,,) denote, respectively, the essential, Weyl and Browder spectrum of 
Tp,p in the Banach algebra &YB’(LP(G)). 
In order to discuss essential spectra in M(G) it is convenient to be able to 
describe the socle of this algebra. Our source for this section is [4]. Let G denote 
a compact group equipped with Haar measure m. Let G denote the set of 
equivalence classes of irreducible unitary representations of G. For a E G let n, 
be the dimension of a. For 15 i, js n, set 
where &,..., i?,, is a fixed (but arbitrary) orthonormal basis of the representa- 
tion space, I’,, of a. Each ulTj EL*(G) and the subspace of L’(G) generated by 
these coordinate functions u$, a E C?, i = 1,2, . . . , n,, is the space of trigono- 
metric polynomials. Denote this space by T(G). From the Peter-Weyl Theorem 
it follows that T(G) is dense in C(G), the space of all continuous functions on 
G, with respect to the supremum norm. As G is compact, T(G) is dense in 
L’(G). 
As usual, we identify L’(G) as a subalgebra of M(G) by f +,uf where 
(g, pfuf> = I &)fW dm(x), g E C(G) 
(this defines pf since C(G)*=M(G)). Under this identification, L’(G) is ex- 
actly the set of measures in M(G) that are absolutely continuous with respect 
to the Haar measure m and hence L’(G) is an ideal of M(G). 
PROPOSITION 2.1 ([3], A.6.1). T(G) =soc(M(G)) and hence 
L’(G) = soc(M(G)). 
PROOF. We first show that T(G) c soc(M(G)). For ae C? let X,(X>= 
trace(a(x)). Then x, E L’(G) c M(G) is in the center of M(G) and hence, 
xa*M(G) =x,*L’(G)=& 
is a two-sided ideal of M(G). Also, M, is finite dimensional (with dim( 
(n,)‘). Since any finite dimensional (left) ideal is contained in a finite sum of 
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minimal (left) ideals, it follows from [3], Lemma F.1.7 that M,c soc(M(G)), 
for all a E C. 
Now let u,$ be an arbitrary coordinate function, aE C?. Then 
14(Tj *xa = 
k=l 
hence, since xa is in the center, 
~4,;. = n,xa*u,~eMa. 
Therefore, 
7’(G) c span{Ma: aE C?} c soc(M(G)). 
To show the other containment fix a minimal idempotent eeM(G) (M(G) 
must have minimal idempotents since we have shown that T(G) c soc(M(G)) 
and hence soc(M(G)) # (0). This shows that M(G) has a minimal left ideal and 
therefore contains a minimal idempotent). 
By [4], Theorem 28.36, there exists aE C? such that @(a)#O. Therefore, 
(e * x,)^ (a) = C(a). go(a) = @(a). + In, # 0 
a 
([4], Theorem 28.39, (iii)) and so e*xa#O ([4], Theorem 28.36). 
By ]4], Theorem 27.20 (i), T(G) is an ideal and so e*xaE T(G). So now we 
have a non-zero element in T(G) for each minimal idempotent e. 
Finally, let M be a minimal left ideal of M(G). Since M(G) is semisimple, 
M2#{O}. Hencethereexistsp(EMsuchthatM*,u#{O} andhenceM*p=M. 
Thus there exists eEM such that e*p =,u. It is not hard to check that e is a 
minimal idempotent and hence that M(G) *e = M. For a E C? as above, either 
M*xa = (0) or it is a minimal left ideal. Since e * xa # 0 and e *xa EM, 
(0) # M(G)*e*xa = M*xa c M 
and so M= M(G) *e*xa. Since e*xa E 7’(G), this shows that MC T(G). Since 
M was an arbitrary minimal left ideal and T(G) is an ideal, soc(M(G)) L T(G). 
We see that T(G) plays the role of the ‘finite rank elements’ in M(G) and 
L’(G) the role of the ‘compact elements’. If T is a Fredholm operator on a 
Banach space of index zero then we can decompose T as T= V+ F where V is 
invertible, F is finite rank and (VF-FV)*=O ([6] and [S]). If VF=FV the T 
is called a Riesz-Schauder operator. The following theorem is a generalization 
of [3], Theorem A.6.3. We use 6,, to denote the identity of M(G). 
THEOREM 2.2. Assume that G is a compact group, p2 1 and p E M(G). Then 
TP,P is Riesz-Schauder if and only if the range of TP,P has finite codimension 
in LP(G). 
PROOF. The ‘only if’ direction is obvious. Assume that the range of TP,p has 
finite codimension in LP(G). Therefore, the subspace ,u*L~(G) of LP(G) 
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admits a complement M of finite dimension and hence there exists a continuous 
projection P of Lp(G) onto M with 
p *Lp(G) = ker(Z- P). 
Since G is compact, Lp(G) is a two-sided ideal of L’(G). For cz E G let 
x,(x) = trace(a(x)) for x E G. Then xa E C(G) C_ Lp(G) and is central in M(G). 
Hence, the ideal generated by xa, M,=xa*LP(G), is a finite dimensional two- 
sided ideal of M(G). 
Suppose that {(~i, .. . . cr,} c G are distinct and that there exists for each k = 
1 ,..., m an element ykeM,, such that ykep*LP(G). If A,yi-t...+A,y,=O 
for some &EQ=, k=l,..., m, then 
Yk*%, = 
0 if k#j 
yk if k=j 
where ea, = (dim(oj)) . xn, , j = 1,. . . , m. We conclude that { yl,. . . , Y,} is a linearly 
independent set in Lp(G). Each y, can be written as mk +xk, mk EM, xk E 
p*Lp(G), and now (y,, . . . . y,} linearly independent implies that {ml, . . . , m,> 
is a linearly independent set. Since M is finite dimensional it follows that each 
M, is contained in p * Lp(G) except for at most a finite number of the a’s 
in G. Let (or,..., on} denote the complete set of elements of G such that 
M,g,u*LP(G). If o#(rk, k=l,..., n, and xeM,, then there exists y EL”(G) 
with x=p *y. Since e, is central in M(G) and M, is an ideal, 
Therefore M,cp*M, for each ofok, k=l,...,n, and hence M,=p*M, for 
each ofok, k=l,..., n. Set X,=span{M,: aE~\{a,,...,a,}} and X=X,, 
and e= Ci,, e,, (if n=O set e=O). Since eEM(G) we have the regular opera- 
tor Te,p: LP(G) + Lp(G) which has the following properties: 
(a) ~,pO~,p= K,p9 
(b) T,,(LP(G)) = C”,,, Make 
(c) ker(T,,) =X, 
(d) T’,poC,p=T,poTp,p- 
((a) and (b) are consequences of the orthogonality relations, (c) follows from 
(a), (b) and the Peter-Weyl Theorem, and (d) follows from considering Lp(G) 
as Im(T,) 0 ker(T,)). 
Since M,=p*M, for (T+(rk, k=l,..., n, we have that X0 c p *LP(G) and 
hence that Xc ,U * Lp(G). Therefore, 
X,c (a,--e)*LP(G) = (&-e)*Xc (a,-e)*(p*LP(G)) 
=p*(&-e)*LP(G)=p*X 
and hence X~/I*X. Since T,,,lM,, afak, k=l,...,n, is onto and M, is 
finite dimensional, Tp,p 1 M, is injective and hence ker(T,,,)nM,= {0}, 
o+ok, k=l,..., n. Therefore, ker(T,,,)*M,c ker(T,,,)nM,= (0) for afak, 
k=l ,...,n. Therefore, ker(T,,,)*XO={O} and so ker(T,,,)*X={O}. Then 
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(ker(T@,,) OX)*= (0). But ker(T’,,)nX is a nilpotent right ideal of Lp(G) 
which is a two-sided ideal of L’(G), hence 
ker(T’,,,)nXc Rad(LP(G)) = LP(G)nRad(L’(G)) = (0). 
We have now shown that ker(T,,,) nX= (0) and T’,,(X)=X, establishing 
that TP,P 1 XE Inv(B(X)). Put 
S= T,,+(Z-T,,)oT,,, and K= Te,Po(TP,p-Z). 
Then SE Inv(%?(LP(G)) and K is finite rank (since T,, is). Clearly TP,P = S+ K 
and SK = KS. This completes the proof that TP,P is a Riesz-Schauder operator. 
COROLLARY 2.3. Assume that G is compact, 15 p< m and ,u E M(G). Then 
4~) c w(TP,J. 
PROOF. Choose ,4 $ oO(TP,J. We may assume that A = 0. Then there exists a 
regular operator V on LP(G) such that T,,,V-Z and VT,,, -Z are finite rank 
([2], Theorem 3.3). In particular, TP,P is Fredholm by Atkinson’s Theorem and 
hence the range of TP,P has finite codimension in Lp(G). By Theorem 2.2, 
there is a finite rank operator K and an invertible operator S such that Tw,P= 
S+K and SK=KS. Since T,,,V-Z and K are finite rank, so is SV-I. 
Therefore, V-S-’ =S-‘(SV-I) is finite rank and hence regular. Since V is 
regular, it follows that S’ is regular. Hence S is not only invertible in 
FB(LP(G)) but is invertible in the subalgebra CBr(LP(G)) of regular operators. 
At this stage we remind ourselves that the mapping 
TV: M(G)-+gp= {TEEB~(L~(G)): R,T=TR, for all aeG}, 
where R, is right translation by a, is an algebraic isomorphism onto gp for 
1 <p < 03 ([ 11, Proposition 3.3). By construction in the preceding theorem, 
S = Te+Pte*P,p = rP(e+,u-e*,u)EgP. 
For aEG, 
S-‘R, = S-‘R,SS-’ = S-‘SR,S-’ = R,S-’ 
and thus S-‘E~~. Therefore, there exists VEM(G) such that S-‘=rp(v)= 
T v,P. Now, 
r,(4) = Ts,,, = Z= SS-’ = T,+P_e*/l,p~T,,p 
= Twp-e*/,c)tv,p = r,((e+p-e*p)*v) 
and hence 6, = (e + ,D - e *,D) * v. Similarly, 6,, = v * (e + ,D - e * ,u). Therefore, 
e+Lc-e*~EInv(M(G)).SinceeET(G)andT(G)isanidealofM(G),e*L(-eE 
T(G). Now p=(e+p-e*p)+(e*,u-e) where e+p-e*pEInv(M(G)) and 
e *p -e E T(G) and therefore 
v*p-& = v*(e+,/.-e*p)+v*(e*p-e)-a0 = v*(e*p-e)ET(G) 
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and 
~*v-60=(e*~-e)*v+(e+~-ee~)*v-60=(e*~-e)*v~T(G). 
This is exactly what it means for ,U E M(G) to be Fredholm, hence 0 $ o(u) and 
the proof is complete. 
THEOREM 2.4. Assume that G is compact, PL 1 and p EM(G). Then 
4~) = W(P) = P(P) = oo(T,,,) = w,(T,,,) = Po(T,,,). 
PROOF. A standard argument shows that 
oo(T,,,) c WotT,,,) c PotT,,,,. 
Assume that A $/3(p). We may assume that J = 0. The inverse image 
T;‘[JP(L~(G)) n gP] L M(G) is a closed ideal of M(G) since T,, is an isometric 
algebra isomorphism onto gp. The same proposition shows that o(p) = 
ao(rp(~)) for all ,D EM(G). Hence, r,(p) is r-compact implies that zero is the 
only possible accumulation point of a(,~) for each ,U E T;’ [X’(LP(G)) tl gp]. 
It now follows that rp’ [X’(LP(G)) fl gp] is a closed inessential ideal of M(G) 
([3], Theorem R.2.6). Since 0 $ P(P) there exists v E rp’ [XI’(Lp(G)) n gp] such 
that ,U *v = v *P and iu + v is invertible in M(G) ([3], Theorem A.1.7). Then 
T,,PoTv.P=Tv,PoT,.P and TP,p + Tv,P E Inv(ZZ3S’(P(G))). Again by [3], Theorem 
A. 1.7, 0 $ &(TP,p). Therefore, po(T,,,) c p(p) and hence 
oo(T,,,) c w,(T,,,) L PO&,,) c P(P) = W(P) = W(P) 
(the equalities follow from [3], Corollary A.6.4). For p< 03, the conclusion of 
the theorem now follows from Corollary 2.3. For p = 00, we use the result for 
p= 1 and an adjoint argument: let ,L EM(G) be defined by <f; fi> = (frp) for 
f e C(G), f”(x)=f(x-‘), XE G. It is straightforward to check that (T,,,)‘= Tti,, 
and hence that 
O(P) = oo(T,, I) = oo((T,, 1)‘) = wo(Tfi,,) L o(Li) 
= wo(Tfi, 1) = ~o((T~,i)‘) = wo(T,,,). 
This completes the proof. 
If p = 1 or p = co this result reduces to 
(f) O(P) = I+‘(P) = P(P) = o(T,,,) = I+‘(TP,p) = P(T,,,). 
This does not hold in general for 1 <p < 03. In particular, if p, 1 <p < 03, is such 
that O(P) = a&P) then w(T’,~) = LOO(T’,~) and hence a&,,) = aO(T,,p) WI, 
Theorem 4.10), which is not in general true. For an example of a convolution 
operator on a compact group with unequal spectrum and order spectrum, see 
[l], Example 3.7. 
Equation (t) yields our final result. 
88 
COROLLARY 2.5. If G is compact and TP,, (respectively T,,,) is Fredholm, 
then TP,, (respectively TP, m) has index zero. 
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